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The relation between the two approaches is discussed both in the linear and nonlinear regimes. It is connected 
to the gauge invariance and Mobius symmetry in LL perturbative QCD. First corrections beyond the large N c 
approximation are discussed for the nonlinear case. 



1. Introduction 

The study of high energy scattering processes 
where strong interactions take place and where 
dynamics may be understood in terms of high 
parton densities are under strong investigations 
since many years. The most common frame- 
work of approximations for analytical computa- 
tions is based on the assumption of considering 
fixed a s . In the diagrammatic technique of per- 
turbative QCD one may study such processes in 
the Leading Logarithmic approximation (multi 
Regge kinematics). The first step is to consider 
the scattering amplitude of a projectile on a tar- 
get which, in the context of high energy factor- 
ization, is constructed from the following ingre- 
dients: (a) the external particle (taken colour- 
less) impact factors which are functions of the 
trasverse momenta of the gluon (reggeized) ex- 
changed in the i-channel, functions which vanish 
due to gauge invariance when the momentum of 
any of the attached reggeized gluons goes to zero; 
(b) the BFKL [I] Green's function built from two 
interacting i-channel gluons which defines an evo- 
lution in rapidity of the scattered system. 

Due to the requirements of unitarity in the t- 
channcl one should consider larger classes of t- 
channel states |2I3| as well as verteces describing 
the transition between them [2] ("generalized" 
BFKL approach). This fact is crucial and un- 
avoidable with the increasing of the rapidity inter- 
vals involved. This fact appears consistent with 
the observation of a strong rise at small x (or large 
rapidities) of the gluon distributions induced by 



the BFKL Green's function and the cross sec- 
tions, with a power behavior in the energy which 
contraddicts the Froissart bound. Moreover there 
is also a connection with the attempts to find 
an effective 2+1 dimensional field theory for the 
QCD in the Regge limit which may be useful to 
reveal links between QCD, SUSY QCD and fi- 
nally string theories from the ADS/CFT corre- 
spondence. 

The main point considered in the following is 
to recalling how is the relation between the "gen- 
eralized" BFKL approach, based on resumma- 
tion of Feynman diagrams, and the dipole pic- 
ture approach ^Q, whithin which a first descrip- 
tion of effective nonlinear phenomena in QCD at 
small x (in the large N c limit approximation) was 
given This relation is understood in terms of 
gauge freedom and the large N c limit approxima- 
tion. A first contribution beyond the large N c 
approximation is discussed. 

2. Linear Evolution: BFKL and Colour 
Dipole Physics 

The main result of the BFKL approach is that 
the leading contribution to the cross section can 
be written as an integral in the transverse space 

<j~J ^ T $iG(y)$ 2 ,^-G = S+^-KG, 

K = uj 1 +uj 2 + V, (1) 

where y is the rapidity which plays the role of an 
evolution parameter and d/xp is the measure in 
the transverse space and K is the BFKL kernel. 
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The perturbative kernel K is getting contribu- 
tions from virtual (a;,) and real (V is related to 
the square of the Lipatov vertex for gluon produc- 
tion in the LL approximation) and is free of I.R. 
divergences in the colour siglet case. The Green's 
function G defined above may be written in terms 
of the spectral basis of the operator K, solution of 
the so called BFKL equation. The interacting two 
reggeized gluon system in a colour singlet state is 
known as the perturbative BFKL Pomeron and 
the eigenvalues of the kernel are related to its in- 
tercept. Let us note that the reggeized gluons 
are defined in a selfconsistent way looking at the 
BFKL kernel properties in the colour octet state 
in the i-channel (bootstrap property). 

The above mentioned property of the impact 
factors of colourless external particles (related to 
the gauge invariance) gives the freedom to look 
for different possible representations of the space 
of functions of the impact factors and for the do- 
main of the operator K. In particular one may 
consider the Mobius representation when a space 
of functions f{pi, p 2 ) such that f(p, p) = is con- 
sidered. In such a case the BFKL equation is in- 
variant under the Mobius, conformal, transforma- 
tions and the BFKL kernel posses also the holo- 
morphic separability property, which means that 
in the coordinate space, when defining a complex 
P = Px + ipy, the kernel can be decomposed in a 
sum K = h + h* , where h = h(pi). 

Starting from the Feynman diagrams deriva- 
tion, in momentum space, the BFKL kernel is di- 
rectly seen as a pseudodifferential operators act- 
ing on functions with complex variables: 

- K = H 12 = In \ Pl \ 2 + In \p 2 \ 2 - 4^(1) + 

-ln|pi 2 | 2 pip 2 + — — hi|pi 2 | 2 p*xP2- (2) 

PiP 2 P1P2 

In the Mobius representation different transfor- 
mations may be derived, among which we find 
the one tipical of the colour dipole picture, with 
a purely integral operator form: 

KN= f l£l M (N PUP3 +N P3 , P2 -N PUP2 ) .(3) 

J 11 |/313 1 |P23 

In this formalism the cross section is written as 

a ~ J d 2 p 1 d 2 p 2 J dx \^j{p 1 ,p 2 - 1 x)\ 2 N(p 1 ,p 2 ;y) (4) 



and the relation with the form in Eq. Q can 
be studied. For a virtual photon this translates 
in finding the relation between the impact fac- 
tor $1 and its wave function tp One has 
$1 = J dx\tfj\ 2 6iR, where 9ir are the phase fac- 
tors which describes the four ways the two glu- 
ons attach to the qq pair (9m — » is related to 
gauge invariance) and give the freedom to add 
any term with no overlapping support. Using 
such a gauge freedom one may write, in terms 
of an operator which projects onto the Mobius 
space of function, 9 UV , such that 9 UV f Pl , P2 = 

fpi,P2 ~ l/2/pi,pi — l/2/p 2 .P2- 

a ~ $1 (g) G <g> fa = J dx\ip\ 2 9 IR ® G (g) $ 2 = 

J dx\ip\ 2 ® 9 UV G <8> $2 = J dx\ip\ 2 ®N.{h) 

As discussed in the introduction one needs to 
study in the LL approximation the linear evo- 
lution of more complicated systems, with many 
reggeized gluons (more than 2) in the i-channcl. 
The homogeneous equation (BKP) |2I3| for n- 
gluon colour singlet states are governed by a ker- 
nel K n which is a sum of 2-gluon kernels defining 
a Green's function: 

- Gn = S +fK n G n . (6) 

Let us note that the n-gluon impact factors must 
have the property of vanishing for a zero gluon 
momentum, but, nevertheless, the gauge freedom 
does not allow to restrict all the solution to a 
space of function which are null when two coordi- 
nates coincide. The simplest case appears at the 3 
gluon states, since the leading intercept Odderon 
solution |H] does not have this property. Any- 
way there exist interesting states which belong 
to a (generalized) Mobius representation which 
are dynamically compatible with the BFKL evo- 
lution and will be considered in the following step 
towards the unitarization. 

3. Non Linear Evolution: Leading Large 
N c and a Step Beyond 

On considering systems with different number 
of gluons in the t-channcl it is possible to organize 
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a hierarchy of an infinite number of coupled lin- 
ear equations j2 . In particular these set of equa- 
tions has been written and analyzed explicitely 
in a systematic way for the systems of up to 6 
gluons |7I8| . In the 4 gluon system one may ex- 
tract an effective vertex V2— >4 which defines the 
transition between 2 and 4 reggeized gluons. Any 
solution can be decomposed |2j in the sum of two 
terms, and D\, the latter being related to 
such a transition, followed by an evolution gov- 
erned by G4. The former term is governed by 
the gluon reggeization and different choices can 
be made in the large N c limit [9 10 . In the large 
N c limit, when only colour planar diagrams dom- 
inates, the effective vertex V2— >4 becomes a sim- 
pler vertex which decribes the splitting of a BFKL 
Pomeron into two. Also in the 6 gluon system one 
may observe a particular contribution to the so- 
lution which is an iteration of two splitting of the 
kind V2-t4 in sequence in rapidity, each followed 
by the BFKL evolution. 

The diagrams with successive splitting in ra- 
pidity, denoted fan diagrams, have been defined 
in the past in a different context [H]. Therefore 
one is tempted to consider all the diagrams, where 
splitting in sequence are present, and to define an 
object which describes a full resummation. This 
approach has led to derive in a special case [T2"| 
the BK equation, previously obtained by the re- 
summation of colour dipole splitting in nuclear 
targets ^3] in the limit N c — » 00. A more general 
investigation also beyond such an approximation 
can be found in 0. 

As usual, the non linear evolution appears 
when one is insisting in defining an approxima- 
tion of the full system, which is governed by lin- 
ear equations, in terms of a single smaller object 
and neglecting all kind of higher correlations. 

As a first step the leading fan structure is ex- 
tracted on considering the substitution G4 — > 
G2 <8> G2 so that one may write 



-if* -atV<E> tftf . 



(7) 



d_ 

dy 

which resums the fan diagrams of Fig. ^ With 
V we have denoted the effective transition ver- 
tex. The choice of using the Mobius represen- 
tation greatly simplifies the calculations and Eq. 
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Figure 1. Fan diagrams which are resummed, 
with the coupling of the gluons to the quark lines 
understood in all possible ways. 



J7J, after defining N P1iP2 — 8na s uv * Pl , P2 , reads 
exactly like the BK J3| equation. 

This equation has been derived in the large N c 
limit approximation. In order to write an exten- 
sion in the next-to-leading 1/N C approximation, 
there are two sources of corrections: the nonpla- 
nar term, subleading in 1/N C , in the effective ver- 
tex and the 4-gluon Green's function. In par- 
ticular for the latter it is convenient to study 

-^4pi,p 2 ;P3,P4 = Ap liP2 Np 3tPA + AA^4pj ! p 2; p 3! p 4 , 

which evolves according to N4, = ^jf-ifi N±. 
Therefore it is possible to write a system of two 
coupled equations |oj: 
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+ A Pl ,p 4 A^p 2 .p 3 ) 
and on considering 



(8) 



where C x , ViZ - | a _ z | % _ z | 
only the first line of the first equation one reob- 
tains the BK case. 

4. Conclusions 

A summary of a recent investigation^ of the 
link between the Feynman diagram analysis a la 
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BFKL and the dipole picture has been given. 
This link has also permitted to write an explicit 
correction of the non linear evolution equation for 
colour dipoles beyond the large N c limit approxi- 
mation. Quantitative but not qualitative changes 
are expected in the evolution. In such a frame- 
work are still missing the NLL corrections (in 
a s ) and any kind of "loop" corrections in the t- 
channel, clearly required by any effective descrip- 
tion of high energy QCD. Much more theoretical 
work is deserved for the future. 
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